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Abstract
One-dimensional systems with short-range interactions cannot exhibit a
long-range order at nonzero temperature. However, there are some par-
ticular one-dimensional models, such as the Ising-Heisenberg spin models
with a variety of lattice geometries, which exhibit unexpected behavior sim-
ilar to the discontinuous or continuous temperature-driven phase transition.
Although these pseudo-transitions are not true temperature-driven transi-
tions showing only abrupt changes or sharp peaks in thermodynamic quan-
tities, they may be confused while interpreting experimental data. Here we
consider the spin-12 Ising-XYZ diamond chain in the regime when the model
exhibits temperature-driven pseudo-transitions. We provide a detailed inves-
tigation of several correlation functions between distant spins that illustrates
the properties of quasi-phases separated by pseudo-transitions. Inevitably,
all correlation functions show the evidence of pseudo-transition, which are
supported by the analytical solutions and, besides we provide a rigorous
analytical investigation around the pseudo-critical temperature. It is worth
to mention that the correlation functions between distant spins have an
extremely large correlation length at pseudo-critical temperature.
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1. Introduction
In the past decade, Cuesta and Sa´nchez [1] investigated relevant proper-
ties regarding one-dimensional models with short-range interaction, such as
the general non-existence theorem for finite-temperature phase transitions
[2]. Furthermore, there is a wide class of one-dimensional growth models
subjected to an external field (i.e., with on-site periodic potential), such
as the discrete sine-Gordon model, showing absence of phase transition at
finite temperature. Despite the fact that for the one-dimensional discrete
sine-Gordon model it has been proven that the model cannot have any phase
transition at finite temperature [3], some numerical simulations strongly sug-
gested the existence of apparent finite temperature separation between a flat
region and rough phase. This result was investigated by Ares et al. [4] using
the transfer operator formalism showing that an arbitrary size sine-Gordon
chain will exhibit this apparent phase transition at finite temperature. Re-
cently, it has been found that water molecules confined inside single-walled
carbon nanotubes exhibit entirely different behavior from their bulk ana-
logues: Such single-file chain of water molecules encapsulated in the tubes
shows a temperature-driven quasi-phase transition [5]. On the other hand,
using the formalism of micro-canonical ensemble it was also shown a pseudo-
transition at finite temperature for a simple kinetic one-dimensional model
[6].
Lately, several one-dimensional models have been examined in the frame-
work of decorated structures, in particular, Ising and Heisenberg models
with a variety of geometric structures, such as the Ising-Heisenberg models
in diamond-chain structure [7, 8], the one-dimensional double-tetrahedral
chain, in which the localized Ising spin regularly alternates with two mobile
electrons delocalized over a triangular plaquette [9], the alternating Ising-
Heisenberg ladder model [10], the Ising-Heisenberg triangular tube model
[11]. These models show unexpected behavior similar to the discontinuous
or continuous temperature-driven phase transition. The analysis of the first
derivative of the free energy, such as entropy, internal energy, magnetization,
shows an abrupt jump as a function of temperature, maintaining a close sim-
ilarity with first-order phase transition. Whereas a second order derivative
of free energy, such as specific heat and magnetic susceptibility, resembles a
typical second-order phase transition at finite temperature. Although these
pseudo-transitions are not the true temperature-driven transitions, abrupt
changes or sharp peaks in thermodynamic quantities may lead to mistaken
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Figure 1: Schematic representation of spin- 1
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Ising-XYZ diamond chain.
conclusions while interpreting experimental data.
Here our main goal is to shed further light on pseudo-transitions and to
illustrate them discussing correlation functions around the pseudo-critical
temperature. We take as an example the spin-12 Ising-XYZ diamond chain
investigated in some details earlier [7, 8]. The rest of the paper is organized
as follows. First, we review the model and its ground-state diagram consid-
ered in Refs. [7, 8, 12], Sec. 2. Then we discuss the pseudo-transitions from
the effective Ising-chain-model perspective, Sec. 3. Our main findings are
the distant pair spin correlation functions for the spin-12 Ising-XYZ diamond
chain, which are examined rigorously in Sec. 4. Finally, we summarize our
results in Sec. 5.
2. Hamiltonian of the model and its ground-state phases
Here we consider the Hamiltonian of the Ising-XYZ diamond chain, see
Fig. 1, as the sum of the block Hamiltonians per unit cell H = ∑Ni=1Hi
already discussed in Ref. [7]. The Hamiltonian of the unit cell is given by:
Hi = − J(1 + γ)Sxa,iSxb,i − J(1 − γ)Sya,iSyb,i − JzSza,iSzb,i
− J0(Sza,i + Szb,i)(σi + σi+1)
− hz(Sza,i + Szb,i)−
h
2
(σi + σi+1), (1)
where Sα
a(b)(α = x, y, z) are the spin-
1
2 operators, σ corresponds to the Ising
spins 12 , γ is the xy-anisotropy parameter, J and Jz are the Heisenberg-like
interactions between interstitial sites, the exchange parameter J0 represents
the Ising-like interaction between nodal and interstitial sites, and the exter-
nal magnetic field hz and h are assumed to be along the z-direction.
The eigenvalues of the Hamiltonian (1) for the i-th unit cell are given
3
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Figure 2: Ground-state phase diagram in the γ − h plane. The coupling parameters are
assumed as J = 100, Jz = 24, and J0 = −24.
by:
E1 = −hµ
2
− Jz
4
+∆µ, (2)
E2 = −hµ
2
− J
2
+
Jz
4
, (3)
E3 = −hµ
2
+
J
2
+
Jz
4
, (4)
E4 = −hµ
2
− Jz
4
−∆µ, (5)
where µ = σi + σi+1 and ∆µ =
√
(hz + J0µ)2 +
1
4J
2γ2. The corresponding
eigenstates in the natural basis {|++ 〉, |+− 〉, |−+ 〉, |−− 〉} are:
|ϕ1〉 = − sin θµ|++ 〉+ cos θµ|−− 〉, (6)
|ϕ2〉 = 1√
2
(|−+ 〉+ |+− 〉) , (7)
|ϕ3〉 = 1√
2
(|−+ 〉 − |+− 〉) , (8)
|ϕ4〉 = cos θµ|++ 〉+ sin θµ|−− 〉, (9)
where θµ =
1
2 tan
−1 Jγ
2(hz+J0µ)
with 0 < θµ < pi.
Next, we provide a zero-temperature phase diagram in the γ − h plane
[7, 8, 12]. Throughout this article, we will consider only the case hz = h.
4
In Fig. 2 we report the ground-state phase diagram for a particular set of
coupling parameters J = 100, Jz = 24, and J0 = −24. From now on we
will consider just this set of parameters throughout the article. The phase
diagram presents three ground-state phases, namely, one ferrimagnetic phase
(FI) and two modulated ferromagnetic Heisenberg phases (MF0 andMF2).
We use the term “modulated” since, e.g., the state |ϕ4〉 has probability
cos2 θµ in |++ 〉 and sin2 θµ in |−− 〉. Therefore, these states are given below:
|MF2〉 =
N∏
i=1
|ϕ4〉i ⊗ | ↑〉i, (10)
|FI〉 =
N∏
i=1
|ϕ2〉i ⊗ | ↑〉i, (11)
|MF0〉 =
N∏
i=1
|ϕ4〉i ⊗ | ↓〉i. (12)
The corresponding ground-state energies are:
ε1,0 = EMF2 =− Jz4 − h2 −
√
(hz+ J0)2 +
1
4J
2γ2, (13)
ε0,0 = EFI =
Jz
4
− J
2
− h
2
, (14)
ε−1,0 = EMF0 =− Jz4 + h2 −
√
(hz− J0)2 + 14J2γ2; (15)
the ε’s notations should not be confused with E ’s defined in Eqs. (2) –
(5). Its worth to note that phases MF2 and MF0 are degenerate for a
null magnetic field and γ & 0.5892. For γ ≈ 0.5892..0.8314, the external
magnetic field splits the energy as E
MF2
> E
MF0
, whereas for γ & 0.8314
the external magnetic field splits the energy as E
MF2
< E
MF0
. Further
information about of these results can be found in Refs. [12, 8].
3. Effective constants Jeff and heff and pseudo-transitions
Using the decoration transformation [13, 14, 15, 16], we can map the
spin-12 Ising-XYZ diamond chain onto the well-known spin-
1
2 Ising chain,
whose Hamiltonian is expressed by H
eff
=
∑N
j=1 H˜j, where
H˜j = −E0eff − Jeffσjσj+1 − heffσj , (16)
5
here E0
eff
, J
eff
, and h
eff
are the parameters of the effective Hamiltonian.
Through the decoration transformation [13, 14, 15, 16] these effective Ising-
chain parameters can be obtained explicitly; thus we have
E0
eff
=
1
4β
ln
(
w1w
2
0w−1
)
, (17)
J
eff
=
1
β
ln
(
w1w−1
w20
)
, (18)
h
eff
=
1
β
ln
(
w1
w−1
)
, (19)
where
wµ = 2e
βµh
2
[
e−
βJz
4 chβJ2 + e
βJz
4 ch (β∆µ)
]
. (20)
Here µ = {−1, 0, 1}, β = 1
kBT
, T denotes the absolute temperature, and kB
is the Boltzmann constant.
Along the boundary between FI and MF0 or between FI and MF2 the
Boltzmann factors (20) satisfy the following relation w1 ∼ w−1 > w0, which
implies that w1w−1 > w20. Therefore from Eq. (18) we conclude that Jeff > 0
and the equality holds only at T → ∞. Thus, for T < ∞, the effective
parameter is positive Jeff > 0 (effective “ferromagnetic interaction”).
In Fig. 3(a), (c), (e), the effective parameter Jeff (18) is depicted as
a function of temperature for the above mentioned set of parameters, as-
suming several values for the magnetic field h = hz. We observe that the
effective parameter Jeff is always ferromagnetic and only weakly depends on
temperature. In Fig. 3(b), (d), (f), the effective magnetic field h
eff
(19) is
illustrated. It is important to remark that the effective magnetic field heff
may change its sign at a certain temperature, which will be discussed below.
Let us define the quasi-phases at a finite temperature as the zero-temperature
phase extensions: MF0 goes to qMF0 and FI goes to qFI. Thereby, in
Fig. 3(f) one can see an interesting behavior of heff versus temperature T ,
namely, for γ = 0.8 and h = 13, the effective field heff remains almost
zero until T ≈ 0.75. But while heff < 0 the system is in qMF0 phase,
whereas for heff > 0 the system goes to qMF2 phase, this will be confirmed
when we study the magnetizations of Ising and Heisenberg spins (see Ap-
pendix Appendix B).
Hence, the necessary condition to find pseudo-transition is
heff (Tp) = 0, and w0 ≪ {w1, w−1}. (21)
This equation is used to determine the temperature of the pseudo-transition.
In Ref. [12], the equivalent condition, i.e., the requirement w−1 = w1, was
6
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Figure 3: Effective Ising-chain parameters, assuming J = 100, Jz = 24, and J0 = −24.
(a) Parameter Jeff as a function of temperature for γ = 0.7. (b) Effective magnetic field
heff as a function of temperature for γ = 0.7. (c) Jeff against T for γ = 0.75. (d) heff
against T for γ = 0.75. (e) Jeff against T for γ = 0.8. (f) heff against T for γ = 0.8.
suggested. It leads to a transcendental equation for the pseudo-critical tem-
perature Tp.
This phenomenon contrasts to the ordinary spin-12 ferromagnetic Ising
chain in a field. The effective magnetic field orders all Ising spins but as
the temperature increases the spins fluctuate and the ferromagnetic order
immediately smoothly melts.
In Fig. 4 the pseudo-critical temperature Tp, which is determined from
the condition heff (Tp) = 0, is shown (drawn as a solid red line). Tp melts
smoothly at Tp ≈ 1.5. The phase diagram clearly shows the pseudo-critical
temperature curve between two regions, the qMF0 state and the qFI state
for the model in question with parameters given in Fig. 4. When w0 be-
comes relevant, the condition heff(Tp) = 0 still would give, in principle, the
7
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Table 1: Pseudo-critical temperature for a given magnetic field with the parameters given
in Fig. 4. First two columns correspond to γ = 0.7, second two columns correspond to
γ = 0.75, and third two columns correspond to γ = 0.8.
γ = 0.7 γ = 0.75 γ = 0.8
h Tp h Tp h Tp
10 1.3552499 14 1.3552499 11 1.4753981
11 1.1270292 15.5 1.1270292 12.4 1.07033229
12 0.8150481 17 0.8150481 12.8 0.86683633
12.5 0.567641 18.5 0.567641 13 0.66742119
12.7 0.3726212 18.7 0.2671694 13.06 0.45524697
12.74 0.2694923 18.9 0.2057883 13.0639 0.2973970
12.75 0.0 19.22 0.0 13.063945 0.0
12.8 No Tp 20 No Tp 13.1 No Tp
value of Tp, but this result does not lead to a pseudo-transition because the
singularity observed when w1 = w−1 vanishes due to the significant contri-
bution of w0. It is also worth mentioning that when Tp → 0, then hp → hc,
where hc is the true critical magnetic field at the zero temperature.
In Table 1 the pseudo-critical temperature is reported for several magnetic-
field values using the condition (21). Here we assume the fixed xy-anisotropy
parameters γ = {0.7, 0.75, 0.8}. For γ = 0.7 this pseudo-critical tempera-
ture occurs in the interface between qFI and qMF0, whereas for γ = 0.75
the pseudo-critical temperature occurs in the interface of qFI, qMF0, and
qMF2. Analogously, for γ = 0.8 the pseudo-critical temperature occurs in
the boundary between qMF0 and qMF2. The next-to-last row of bold data
corresponds to the critical field that occurs only at T = 0, whereas the last
8
row of data indicates that there is no pseudo-transition for h > hc.
For the considered decorated chain, at some temperature (better low
enough, then there still will be well pronounced traces of the ground-state
ferromagnetic order) the effective magnetic field changes its sign. All Ising
spins reorient simultaneously following the change in the effective field di-
rection and continue to fluctuate with further temperature grow.
4. Spin correlations: Results and discussions
In this section, we study in detail the correlation functions for the model
considered. To this end, we perform an algebraic procedure discussed in
Ref. [17]. We write the transfer matrix as follows
W =
(
w1 w0
w0 w−1
)
, (22)
where w1, w0 and w−1 are given by (20). Its eigenvalues are expressed by
λ± =
w1 + w−1 ±B
2
(23)
with B =
√
(w1 − w−1)2 + 4w20 . The transfer matrix W in the diagonal
basis becomes (
λ+ 0
0 λ−
)
= P−1WP = Λ, (24)
where the matrix P is written as
P =
(
cosφ − sinφ
sinφ cosφ
)
(25)
with φ = 12 tan
−1 2w0
w1−w−1 and 0 < φ <
pi
2 . Therefore the partition function
becomes ZN = λ
N
+ + λ
N− or for large N simply becomes ZN = λN+ .
Below there are two useful identities that will be used later. Namely,
cos(2φ) =
w1 − w−1
B
=
w1 − w−1
|w1 − w−1|
1√
1 + 4w¯20
,
sin(2φ) =
2w0
B
=
2w¯0√
1 + 4w¯20
> 0, (26)
where we define conveniently w¯0 =
w0
|w1−w−1| .
9
The expectation value 〈σ〉 is expressed as follows
〈σ〉 = 1
λN+
tr
(
σWN
)
=
1
λN+
tr
(
σ˜ΛN
)
, (27)
where σ˜ = P−1σP is explicitly given by
σ˜ =
1
2
(
cos(2φ) − sin(2φ)
− sin(2φ) − cos(2φ)
)
. (28)
After some algebraic manipulations, we obtain
〈σ〉 = 1
2
cos(2φ)
(
1 + uN
)
, (29)
here u =
λ
−
λ+
. In the thermodynamic limit, the formula for 〈σ〉 reduces to
〈σ〉 =1
2
cos(2φ) =
1
2
w1 − w−1
|w1 − w−1|
1√
1 + 4w¯20
. (30)
The Ising spin magnetization MI = 〈σ〉 close to the pseudo-transition tem-
perature becomes approximately
MI =
1
2
w1 − w−1
|w1 − w−1|
[
1− 2w¯20 +O(w¯40)
]
. (31)
Consequently, the magnetization near the pseudo-transition can be expressed
explicitly as
MI =
{
1
2 − w¯20 +O(w¯40), w1 > w−1,
−12 + w¯20 +O(w¯40), w1 < w−1.
(32)
Next we will study the correlation functions. Consider first the thermal
average of two different Ising spins
〈σjσj+r〉 = 1
λN+
tr
(
σWrσWN−r
)
=
1
λN+
tr
(
σ˜Λrσ˜ΛN−r
)
(33)
with r = {0, 1, 2, . . . }. In fact, we are interested in the thermodynamic limit
(N →∞) and this equation reduces to
〈σjσj+r〉 = 1
4
[
cos2(2φ) + ur sin2(2φ)
]
= 〈σ〉2 + 1
4
ur sin2(2φ) = 〈σ〉2 + (w0
B
)2
ur. (34)
10
The case r = 0 corresponds to the trivial identity 〈σ2〉 = 14 . Now let us
discuss the average spin pair (34) around the pseudo-transition temperature
when w¯0 → 0. We have
〈σjσj+r〉 =
〈σ〉
2 + w¯20
(
w−1
w1
)r
+O (w¯40) , w1 > w−1,
〈σ〉2 + w¯20
(
w1
w−1
)r
+O (w¯40) , w1 < w−1. (35)
Therefore, after using (34), the correlation function CI = 〈σjσj+r〉 − 〈σ〉2
becomes
CI =
(
w0
B
)2
ur, (36)
and close to the pseudo-transition (w¯0 → 0) the correlation function reduces
to
CI =
w¯
2
0
(
w−1
w1
)r
+O (w¯40) , w1 > w−1,
w¯20
(
w1
w−1
)r
+O (w¯40) , w1 < w−1. (37)
In Fig. 5(a) we show the temperature dependence of the Ising spin mag-
netization. For w1 < w−1 the magnetization at T = 0 is MI = −12 . Sim-
ilarly, for w1 > w−1, the magnetization in the limit of low temperature
tends to MI → 12 , but holding the condition w1 > w−1. This change oc-
curs at heff(Tp) = 0. For higher temperatures, the Ising spin magnetization
decreases with temperature, as is expected in ordinary spin models.
In Fig. 5(b) the average 〈σjσj+r〉 is illustrated as a function of temper-
ature. For T ∼ Tp, we have 〈σjσj+r〉 → 14 for both cases w1 > w−1 or
w1 < w−1. In principle, it looks as a monotonically decreasing curve, but
as soon as the magnetic field becomes closer to h → hc, it exhibits a non-
monotonic temperature behavior suppressed at Tp according to Eq. (35).
In Fig. 5(c) the correlation function (36) is plotted against the temper-
ature. Here, we can observe a peak at the pseudo-critical temperature, the
lower the temperature is, the thinner and higher the peak is, whereas the
higher the temperature is, the broader the peak is.
To estimate the magnetization of the Heisenberg spin, we must apply
the decoration transformation approach [13, 14, 15, 16]. First, we have to
perform a partial trace over the Heisenberg spins. For this we need the
unit cell Hamiltonian (1) with eigenvalues given by Eqs. (2) – (5) and the
corresponding eigenvectors given by Eqs. (6) – (9). With the eigenstates in
11
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Figure 5: (a) Ising spin magnetization as a function of temperature. (b) Thermal average
〈σiσi+r〉, r = 1 as a function of temperature. (c) Correlation function with r = 1 as a
function of temperature. We assume J = 100, Jz = 24, J0 = −24, and γ = 0.75.
hand, we can construct a matrix Q as follows
Q =

− sin θµ 0 0 cos θµ
0 1√
2
− 1√
2
0
0 1√
2
1√
2
0
cos θµ 0 0 sin θµ
 , (38)
remembering that θµ was already specified when the eigenstates (6) – (9)
were defined. The matrix Q diagonalizes the operator Hi, so any function
of the operator Hi will also be diagonalized, hence we have
D = Q−1e−βHi(σ,σ
′)Q. (39)
Consequently, the matrix representation of the operator e−βHi(σ,σ
′) can be
12
written in terms of the eigenstates (2) – (5),
D =

e−βE1 0 0 0
0 e−βE2 0 0
0 0 e−βE3 0
0 0 0 e−βE4
 . (40)
The Heisenberg spin operators Sαa and S
α
b can be expressed as s
α
a = S
α
a ⊗
1b and s
α
b = 1a ⊗ Sαb , respectively, and using the similarity transformation
we have sˆαa = Q
−1sαaQ and sˆαb = Q
−1sαbQ. The explicit representation of
these matrices is given in Appendix Appendix A.
In what follows, we perform the partial trace over the Heisenberg spin
operators,
wzµ =tr (sˆ
z
aD) = tr (sˆ
z
bD)
=eβ(
hµ
2
+Jz
4 ) cos(2θµ) sinh(β∆µ) =
hz + µJ0
∆µ
eβ(
hµ
2
+Jz
4 ) sinh(β∆µ). (41)
The reason why we use the notation wzµ is because there is a relation with
wµ:
wzµ =
1
2β
∂wµ
∂hz
. (42)
Evidently, using (42) we can recover the previous result (41). Now we define
the matrix Wz as follows
Wz =
(
wz1 w
z
0
wz0 w
z
−1
)
, (43)
its elements are given by (41).
We are ready now to deal with the expectation values 〈Sza〉 and 〈Szb 〉 (of
course, 〈Sza〉 and 〈Szb 〉 are identical). Thus, we have
〈Sza〉 = 〈Szb 〉 = 〈Sz〉 =
1
λN+
tr
(
Wz W
N−1) . (44)
Using the similarity transformation given by W˜z = P
−1WzP, we can write
W˜z =
(
w˜z1 w˜
z
0
w˜z0 w˜
z
−1
)
. (45)
Its elements are specified by
w˜z1 =w
z
1 cos
2 φ+ wz−1 sin
2 φ+ wz0 sin(2φ), (46)
w˜z0 =w
z
0 cos(2φ)−
1
2
(wz1 − wz−1) sin(2φ), (47)
w˜z−1 =w
z
1 sin
2 φ+wz−1 cos
2 φ− wz0 sin(2φ). (48)
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Eliminating the trigonometric functions using Eqs. (A.8) and (A.9), we can
also write
w˜z1 =
(wz1+wz−1)
2 +
(wz1−wz−1)(w1−w−1)
2B +
2wz0w0
B
, (49)
w˜z0 =
wz0(w1−w−1)
B
− w0(w
z
1−wz−1)
B
, (50)
w˜z−1 =
(wz1+wz−1)
2 −
(wz1−wz−1)(w1−w−1)
2B −
2wz0w0
B
. (51)
Finally, the thermal average of the Heisenberg spin becomes,
〈Sz〉 = 1
λN+
tr
(
W˜z Λ
N−1
)
=
1
λN+
(
w˜z1λ
N−1
+ + w˜
z
−1λ
N−1
−
)
. (52)
We are interested in the thermodynamic limit, so the relation (52) results
in
〈Sz〉 = w˜
z
1
λ+
=
(wz1+wz−1)
2λ+
+
(wz1−wz−1)(w1−w−1)
2Bλ+
+
2wz0w0
Bλ+
. (53)
It is worth expressing the average 〈Sz〉 around the pseudo-critical temper-
ature since this analysis is our main goal. After performing some algebraic
computations, we obtain:
〈Sz〉 = w˜
z
1
λ+
=
hz + J0
∆1w1
eβ(
h
2
+Jz
4 ) sinh(β∆1)
+
2hz
∆0w1
e
βJz
4 sinh(β∆0) w¯0 +O
(
w¯20
)
(54)
for w1 > w−1 and
〈Sz〉 = w˜
z
1
λ+
=
hz − J0
∆−1w−1
eβ(−
h
2
+Jz
4 ) sinh(β∆−1)
+
2hz
∆0w−1
e
βJz
4 sinh(β∆0) w¯0 +O
(
w¯20
)
(55)
for w−1 > w1. The Heisenberg spin magnetization is obtained from MH =
〈Sz〉. In an analogous way, we can verify that the magnetizations of Heisen-
berg spin along the x and y-axes are zero,
〈Sxa 〉 = 〈Sya〉 = 〈Sxb 〉 = 〈Syb 〉 = 0. (56)
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Before we pass to computation of the correlation functions between
neighboring cells, we study at first the two distant Heisenberg spins average,
which can be obtained from
〈SzjSzj+r〉 =
1
λN+
tr
(
W˜z Λ
r−1W˜z ΛN−r−1
)
, (57)
here r = {1, 2, 3, . . . }. After some algebraic manipulations and bearing in
mind the thermodynamic limit, we obtain
〈SzjSzj+r〉 =
(w˜z1)
2
λ2+
+
(w˜z0)
2
λ+λ−
ur = 〈Sz〉2 + (w˜
z
0)
2
λ+λ−
ur. (58)
Close to the pseudo-critical temperature (w¯0 → 0), the average 〈SzjSzj+r〉 up
to first order in w¯ becomes:
〈SzjSzj+r〉 =〈Sz〉2+
(wz0)
2
w1w−1
(
1+2
wz−1 − wz1
wz0
w¯0
)(
w−1
w1
)r
=
(
wz1
w1
)2(
1 + 4
wz0
wz1
w¯0
)
+
(wz0)
2
w1w−1
(
1 + 2
wz−1 − wz1
wz0
w¯0
)(
w−1
w1
)r
=
(
wz1
w1
)2
+
(wz0)
2
w1w−1
(
w−1
w1
)r
+
2wz0
w1
[
2wz1
w1
+
wz−1 − wz1
w−1
(
w−1
w1
)r]
w¯0 (59)
for w1 > w−1 and
〈SzjSzj+r〉 =
(
wz−1
w−1
)2
+
(wz0)
2
w1w−1
(
w1
w−1
)r
+
2wz0
w−1
[
2wz−1
w−1
+
wz1−wz−1
w1
(
w1
w−1
)r]
w¯0 (60)
for w−1 > w1. From (58) the correlation function CH = 〈SzjSzj+r〉 − 〈Sz〉2
becomes
CH =
(w˜z0)
2
λ+λ−
ur. (61)
Near the pseudo-critical temperature, the correlation function is expressed
by
CH =

(wz0)
2
w1w−1
(
1+2
wz
−1−wz1
wz0
w¯0
)(
w−1
w1
)r
, w1 > w−1,
(wz0)
2
w1w−1
(
1−2w
z
−1−wz1
wz0
w¯0
)(
w1
w−1
)r
, w1 < w−1.
(62)
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Figure 6: (a) Magnetization per unit cell as a function of temperature. (b) Average
〈Szj S
z
j+r〉, r = 1 as a function of temperature. (c) Heisenberg spin correlation function
with r = 1 as a function of temperature. All plots are presented for the fixed set of
parameters J = 100, Jz = 24, J0 = −24, and γ = 0.75.
In Fig. 6(a) we show the temperature dependence of the Heisenberg spin
magnetization for fixed parameters given in the caption to Fig. 6 for the
range of h values considered in Fig. 2. The behavior of the Heisenberg spin
magnetization versus temperature is in agreement with Eq. (53), and in the
limiting cases close to the pseudo-transition is given by Eqs. (54) and (55).
Obviously, at T = 0 the magnetization is in agreement with the ground-state
phase diagram [the zeroth order of Eqs. (54) and (55)].
In Fig. 6(b) the pair Heisenberg spin average 〈Szi Szi+r〉 is displayed for
the same set of parameters. Only the z-components of Heisenberg spins
correlate. Below Tp the Heisenberg spins are ordered and 〈Szi Szi+r〉 → M2H .
However, for the temperature above Tp or at relatively higher temperatures
the correlation functions decreases gradually when T → ∞ as expected for
any standard spin chain.
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Now we address our investigation to present the quantities which refer
to one cell. So we perform the partial trace over the Heisenberg-Heisenberg
spins operators,
vxµ =tr (sˆ
x
a sˆ
x
bD) =
1
2e
βµh
2
[
e−
βJz
4 shβJ2 − e
βJz
4 sh(β∆µ)cos(2θµ)
]
, (63)
vyµ =tr
(
sˆyasˆ
y
bD
)
= 12e
βµh
2
[
e−
βJz
4 shβJ2 + e
βJz
4 sh(β∆µ)cos(2θµ)
]
, (64)
vzµ =tr (sˆ
z
asˆ
z
bD) =
1
2e
βµh
2
[
e
βJz
4 ch (β∆µ)− e−
βJz
4 ch
(
βJ
2
)]
. (65)
Therefore, the corresponding matrix can be written as
Vα =
(
vα1 v
α
0
vα0 v
α
−1
)
, (66)
with α = {x, y, z}. Using the similarity transformation given by V˜α =
P−1VαP, we have
V˜α =
(
v˜α1 v˜
α
0
v˜α0 v˜
α
−1
)
, (67)
with the matrix elements
v˜α1 =v
α
1 cos
2 φ+ vα−1 sin
2 φ+ vα0 sin(2φ), (68)
v˜α0 =v
α
0 cos(2φ)−
1
2
(vα1 − vα−1) sin(2φ), (69)
v˜α−1 =v
α
1 sin
2 φ+ vα−1 cos
2 φ− vα0 sin(2φ). (70)
By eliminating the trigonometric functions, the elements of matrix V˜α be-
come
u˜α1 =
(uα1+uα−1)
2 +
(uα1−uα−1)(w1−w−1)
2B +
2uα0w0
B
, (71)
u˜α0 =
uα0 (w1−w−1)
B
− w0(u
α
1−uα−1)
B
, (72)
u˜α−1 =
(uα1+uα−1)
2 −
(uα1−uα−1)(w1−w−1)
2B −
2uα0w0
B
. (73)
Consequently, the average of the one-cell pair of Heisenberg spins is given
by
〈Sαa,jSαb,j〉 =
1
λN+
tr
(
V˜α Λ
N−1
)
=
1
λN+
(
v˜α1 λ
N−1
+ + v˜
α
−1λ
N−1
−
)
. (74)
In the thermodynamic limit, we have
〈Sαa,jSαb,j〉=(
vα1 +v
α
−1)
2λ+
+
(vα1 −vα−1)(w1−w−1)
2Bλ+
+
2vα0 w0
Bλ+
. (75)
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Figure 7: One-cell pair average (r = 0) as a function of temperature. (a) 〈SxaS
x
b 〉; (b)
〈SyaS
y
b 〉; (c) 〈S
z
aS
z
b 〉. We assume J = 100, Jz = 24, J0 = −24, and γ = 0.75.
In addition, the averages 〈SxaSxb 〉, 〈SyaSyb 〉, and 〈SzaSzb 〉 satisfy the following
identity
〈SxaSxb 〉+ 〈SyaSyb 〉+ 〈SzaSzb 〉 =
1
4
(76)
at any temperature. This is a simple consequence of the obvious relation
〈(Sa + Sb)2〉 = S(S + 1) = 2.
In Fig. 7(a) the average of one-cell of 〈SxaSxb 〉 is reported as a function of
temperature for a range of magnetic field described in panel (a) and consid-
ering the same set of parameters as in Fig. 6. For temperatures 0 ≤ T . Tp
the average 〈SxaSxb 〉 is around a certain value definitely below 14 and above Tp
it becomes almost 14 and then decreases with further temperature growth.
Please, check the statement. Analogously, Fig. 7(b) refers to 〈SyaSyb 〉, where
there is also a clear jump at T = Tp. The lower the temperature is, the
jump becomes more evident. In Fig. 7(c), 〈SzaSzb 〉 is depicted as a function
of temperature. For temperatures lower than Tp, 〈SzaSzb 〉 → 14 . Whereas for
h > hc there is no pseudo-transition and 〈SzaSzb 〉 → −14 when T → 0.
Furthermore, let us consider the thermal average between different mixed
Ising spin and Heisenberg spin at distant sites,
〈Szj σj+r〉 =
1
λN+
tr
(
W˜z Λ
r−1σ˜ ΛN−r
)
, (77)
here we assume r = {1, 2, 3, . . .}. After algebraic manipulations similar
to the previous case, and taking the thermodynamic limit, we obtain the
following expression,
〈Szj σj+r〉 =
w˜z1
2λ+
cos(2φ) − w˜
z
0
2λ−
sin(2φ)ur. (78)
Writing it in terms of the Boltzmann factors, we have
〈Szj σj+r〉 = 〈Sz〉〈σ〉 −
w˜z0w0
Bλ−
ur. (79)
Around the pseudo-critical temperature, the previous result reduces to
〈Szj σj+r〉=
wz1
2w1
+
[
wz0
w1
− w
z
0
w−1
(
w−1
w1
)r]
w¯0 +O(w¯20) (80)
for w1 > w−1 and to
〈Szj σj+r〉=
wz−1
2w−1
+
[
wz0
w−1
− w
z
0
w1
(
w1
w−1
)r]
w¯0 +O(w¯20) (81)
for w1 < w−1. From (78) we obtain the correlation function
CIH = − w˜
z
0
2λ−
sin(2φ)ur = − w˜
z
0w0
B λ−
ur, (82)
and near the pseudo-critical temperature (w¯0 → 0) we have
CIH =

wz0
w−1
(
w−1
w1
)r
w¯0 +O(w¯20), w1 > w−1,
wz0
w1
(
w1
w−1
)r
w¯0 +O(w¯20), w1 < w−1.
(83)
A similar algebraic computation was developed in Ref. [17], but here we
concentrate on the case near the pseudo-critical temperature.
In Fig. 8, we show the Ising-Heisenberg spin pair average and the Ising-
Heisenberg spin correlation function as a function of temperature, assuming
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Figure 8: (a) and (b) Average 〈Szi σi+1〉 as a function of temperature. (c) and (d) Correla-
tion function as a function of temperature. We assume fixed J = 100, Jz = 24, J0 = −24,
and γ = 0.75.
the same set of parameters as in Fig. 6 and the values of h as given in the
legend of Fig. 8. Panel (a) illustrates the one-cell pair Ising-Heisenberg spin
average (r = 0, see Fig. 1). We observe here a noticeable jump around the
pseudo-critical temperature Tp. The same quantity is displayed in panel
(b) but now for r = 1. In panel (c), the correlation function for one-cell
Ising-Heisenberg spin pair is depicted, where we observe a strong depressing
of the curves at pseudo-critical temperature Tp. Similarly in panel (d) the
correlation function for r = 1 is illustrated, and analogous behavior is ob-
served. Therefore, all represented curves are entirely in agreement with the
average of one-cell Ising-Heisenberg spin pair (80) and (81), as well as with
the correlation function provided by Eq. (83).
Now we discuss the dependence of correlation functions on the inter-
spin distance for several values of the magnetic field (and the corresponding
pseudo-critical temperatures, see Fig. 4 and Table 1) which are shown in
Fig. 9. From panel (a) it can be seen that the correlation function between
Heisenberg-Heisenberg spins CH for low magnetic fields decays significantly
with the increase of distance r, but while h → hc (h < hc) the decay be-
comes less significant, that means the correlations are strong even for far
away spins. For example, for h = 18.5 the correlation function becomes
almost independent of distance r up to r ≈ 2000 (for more details see Table
2). The same plot is depicted in panel (b), but the correlation function
is given in logarithmic scale here. It is simply a straight line with a slope
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Figure 9: Correlation function decay with distance r for J = 100, Jz = 24, J0 = −24,
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ln λ−
λ+
, which is obviously negative because λ− < λ+. However, for h = 18.5
this slopes is almost zero, while for lower magnetic fields the module of these
slopes are large. Basically similar plots are shown in Fig. 9(c), (d) for distant
mixed Ising and Heisenberg spins correlation functions CIH ; these correla-
tion functions are negative. The distant pair Ising-Ising spin correlations
CI , illustrated in Fig. 9(e), (f), are positive and show the same behavior as
the Heisenberg-Heisenberg correlation functions. Certainly, we also observe
in all panels the zero correlation functions for h > hc.
In Table 2 the ratio of correlation functions given by CI (r)
CI(1)
= CIH (r)
CIH (1)
=
CH (r)
CH (1)
= C(r)
C(1) =
(
λ−
λ+
)r−1
in percent is reported as a function of the assumed
distance r for various fixed magnetic fields and their corresponding pseudo-
critical temperature Tp. Here we can see that as the magnetic field increases,
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Table 2: Correlation function decay with distance. Here we report the ratio of C(r)
C(1)
in
percent at the pseudo-critical temperature Tp. The three types of the correlation functions
CI , CH and CIH are denoted by C. We assume the fixed xy-anisotropy parameter γ =
{0.7, 0.75, 0.8}.
γ = 0.7
h r
C(r)
C(1) [%]
10
20 50.15
50 11.73
100 2.75
11
50 53.35
100 28.10
300 2.16
12
500 53.05
1000 28.11
3000 2.21
12.5
1×104 69.78
5×104 16.55
1×105 2.74
γ = 0.75
h r
C(r)
C(1) [%]
14
30 55.35
100 13.28
200 1.73
15.5
100 57.11
200 32.43
500 5.94
17
1000 63.86
3000 26.02
8000 2.76
18.5
1×107 55.05
2×107 30.30
7×107 1.53
γ = 0.8
h r
C(r)
C(1) [%]
11
20 52.90
50 19.36
100 3.62
12.4
100 47.52
200 22.42
400 4.99
12.8
200 65.86
500 35.09
1000 12.29
13
2000 57.37
4000 32.91
1×104 6.21
the system shows strong correlation between distant spins. For γ = 0.75 and
h = 18.5 the correlation function weakened compared to its nearest neighbor
in about 50% for r ≈ 107. Certainly, this is completely unexpected compared
to the standard one-dimensional spin chain.
Additional plots of magnetizations and correlation functions for γ =
0.7 and γ = 0.8 are reported in Appendix Appendix B, where we observe
similar behavior as for γ = 0.75.
In addition, here we will discuss the correlation length ξ(T ) =
(
ln λ+
λ−
)−1
,
which characterizes exponential decay of correlations with distance. In
Fig. 10(a) the correlation length ξ(T ) is depicted assuming γ = 0.7 and
the same parameters as considered in Fig. 2. We observe the peaks that
are located at the pseudo-critical temperature Tp. The correlation length
becomes extremely large, but remains finite at the pseudo-critical temper-
ature Tp, the lower the temperature is, the larger the correlation length is.
For higher temperatures the peak becomes smaller and wider. Analogously,
Fig. 10(b) and Fig. 10(c) refer to γ = 0.75 and γ = 0.8; we observed here
similar behavior.
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Figure 10: Correlation length against temperature, for the parameters considered in Fig. 2.
(a) γ = 0.7; (b) γ = 0.75; (c) γ = 0.8.
In principle, the internal energy can be obtained using the relation
U = 〈H〉 = −∂λ+
∂β
. (84)
Alternatively, the one-cell correlations are related to thermodynamics, since
they determine the internal energy U of the spin system by
U = 〈H〉 =− J(1 + γ)〈SxaSxb 〉 − J(1− γ)〈SyaSyb 〉
− Jz〈SzaSzb 〉 − 4J0〈Szσ〉 − 2hz〈Sz〉 − h〈σ〉. (85)
Using the previous results (75), (79), (53) and (30), we find an equivalent
result to that obtained from (84).
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5. Conclusions
To summarize, we have examined the properties of the spin-12 Ising-XYZ
diamond chain in the regime where the model shows pseudo-transitions and
quasi-phases [12]. These pseudo-transitions are not true finite-temperature
transitions but only sudden changes such as in the entropy, internal energy,
and magnetization, which are quite similar to a first-order phase transition.
While in some other thermodynamic quantities, in such as the specific heat,
magnetic susceptibility, correlation length and correlation functions, sharp
peaks arise which is also quite similar to a second-order phase transition.
Therefore, this effect could be confused when interpreting experimental data
and misinterpreted as a true phase transition.
A simple way to understand the presence of quasi-phases and pseudo-
critical temperature could be the mapping of the original spin-12 Ising-XYZ
diamond chain onto a simple effective ferromagnetic (Jeff > 0) Ising model
with effective magnetic field heff through a decoration transformation. The
zero effective magnetic field heff(Tp) = 0 when w¯0 → 0 indicates the presence
of the so-called pseudo-critical temperature Tp leading to a simultaneous flip
of all Ising spins. Previously in Ref. [12] an equivalent condition w1 = w−1
when w¯0 → 0 was considered.
Hence, we analyzed the quasi-phase diagram at low temperatures and
determined the region of parameters where the pseudo-transitions may oc-
cur. Here we consider a detailed investigation of Ising spin and Heisenberg
spin magnetization, as well as the pair correlation function with arbitrary
distance. Basically in this model we have three types of correlation func-
tions: Ising-Ising spin correlation function CI , Ising-Heisenberg spin corre-
lation functions CIH , and Heisenberg-Heisenberg spin correlation functions
CH . The magnetizations of the Ising and Heisenberg spin illustrate the
presence of a substantial change in magnetization near the pseudo-critical
temperature. Likewise, all correlation functions were also focused around the
pseudo-critical temperature, where we observed prominent peaks at pseudo-
critical temperature and this effect is supported by the analytical results.
It is also worth mentioning that the correlation function at pseudo-critical
temperature Tp has large correlation length. For example, for γ = 0.8 and
the parameters considered in Fig. 2 with magnetic field bit below the criti-
cal magnetic field (h < hc), i.e., h = 18.5, the correlation functions become
almost insensitive to r for up to r ∼ 106.
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Appendix A. Heisenberg spin matrices
In this appendix we give in detail the elements of some important ma-
trices. First, we consider for the Heisenberg spin at site a (see Fig. 1):
sˆza =
1
2

− cos(2θµ) 0 0 − sin(2θµ)
0 0 −1 0
0 −1 0 0
− sin(2θµ) 0 0 cos(2θµ)
 , (A.1)
where tan(2θµ) =
Jγ
2J0µ+2h
and 0 < θµ < pi. Similarly, the other components
become
sˆxa =
1
2

0 cos θˆµ − sin θˆµ 0
cos θˆµ 0 0 sin θˆµ
− sin θˆµ 0 0 cos θˆµ
0 sin θˆµ cos θˆµ 0
 , (A.2)
by θˆµ we define conveniently θˆµ = θµ +
pi
4 , and
sˆya =
i
2

0 sin θˆµ − cos θˆµ 0
− sin θˆµ 0 0 cos θˆµ
cos θˆµ 0 0 sin θˆµ
0 − cos θˆµ − sin θˆµ 0
 . (A.3)
Second, we obtain similarly for the Heisenberg spin at site b (see Fig. 1):
sˆzb =
1
2

− cos(2θµ) 0 0 − sin(2θµ)
0 0 1 0
0 1 0 0
− sin(2θµ) 0 0 cos(2θµ)
 , (A.4)
sˆxb =
1
2

0 cos θˆµ sin θˆµ 0
cos θˆµ 0 0 sin θˆµ
sin θˆµ 0 0 − cos θˆµ
0 sin θˆµ − cos θˆµ 0
 , (A.5)
and
sˆ
y
b =
i
2

0 sin θˆµ cos θˆµ 0
− sin θˆµ 0 0 cos θˆµ
− cos θˆµ 0 0 − sin θˆµ
0 − cos θˆµ sin θˆµ 0
 . (A.6)
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Therefore, w˜z1 is given more explicitly
w˜z1 =
hz + J0
∆1
eβ(
h
2
+Jz
4 ) sinh(β∆1) cos
2 φ+
hz
∆0
e
βJz
4 sinh(β∆0) sin(2φ)
+
hz − J0
∆−1
eβ(−
h
2
+Jz
4 ) sinh(β∆−1) sin2 φ. (A.7)
Using the the relation (26) and assuming w¯0 → 0, we find the following
expansions up to order w¯20,
cos2 φ =
1
2
(
1 +
w1 − w−1
B
)
=
1
2
[
1 +
w1 −w−1
|w1 −w−1|
(
1− 2w¯20 +O
(
w¯40
))]
,
(A.8)
sin2 φ =
1
2
(
1− w1 − w−1
B
)
=
1
2
[
1− w1 −w−1|w1 −w−1|
(
1− 2w¯20 +O
(
w¯40
))]
.
(A.9)
Appendix B. Additional correlation quantities
Here we report additional plots concerning magnetizations and correla-
tion functions, see Fig. B.11. Mainly we observe similar behavior as it was
discussed in the main text. The only difference we worth to mention would
be that this pseudo-critical temperature occurs between two quasi-phases:
For γ = 0.7 the pseudo-transition occurs between qFI and qMF0, whereas
for γ = 0.8 the pseudo-transition occurs between qMF0 and qMF2.
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